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A Reynolds mean turbulence model is presented, with attention focused on the applicability to supersonic free-
shear layer and wall-bounded flows. In this model, the Reynolds stress is approximated by a nonequilibrium
turbulent-viscosity representation dependent on the Lagrange derivative of turbulence quantities. Supersonic
effects occur, besides the mean-density variation, in the combination of nonequilibrium and turbulent Mach
number effects. Through the test in free-shear and boundary-layer flows, the proposed model is confirmed to
reproduce the reduction in the growth rate of a free-shear layer flow, without causing undesirable supersonic
effects on wall-bounded flows such as channel and boundary-layer flows in which the nonequilibrium effects

vanish or become weak.

Nomenclature
a = local mean sound velocity
D/Dt = Lagrange derivation based on the mean velocity
e = internal energy
f.f = mass-weighted mean of f and fluctuation
Gy = normalized growth rate of a free-shear layer
H = turbulentinternal-energy flux
K = turbulentenergy
Mc = convective Mach number
Ms; = gradient Mach number
My = turbulent Mach number
Py = productionrate of turbulent energy
D = pressure
R;; = Reynolds stress
Sij = velocity strain tensor
Ty = transportrate of turbulentenergy
u = velocity
) = width of a free-shearlayer or a boundary layer
e = energy dissipationrate
0 = temperature
vr = turbulentviscosity
VTE = equilibrium turbulent viscosity
0 = density
X = nondimensional nonequilibrium parameter
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I. Introduction

URBULENCE modeling of supersonic flows is a challeng-

ing subject, both from practical and academic viewpoints.
A typical supersonic effect is the drastic reduction in the growth
rate of a plane free-shear layer flow. The reduction has been con-
firmed in a number of experiments under various conditions,' and
its behavior is often characterized by the so-called Langley curve
(see Ref. 2). To capture the reduction mechanism from the view-
point of turbulence modeling, attention was first paid to the dilata-
tional dissipation rate and the pressure—dilation correlation in the
turbulent-energy equation>~7 In these studies, the explicit super-
sonic effects are represented by the turbulent Mach number. The
latter effects on flow statistics were examined by the perturbation
method based on weak compressibility® Supersonic effects on the
turbulent-energy equation were also sought in relations with the
density variance.” All of the foregoing models succeeded in repro-
ducing the reduction in the growth rate of a plane free-shear layer
flow.

The mechanism of turbulence suppression due to supersonic ef-
fects has been clarified by the direct numerical simulation (DNS)
of homogeneous-shear and free-shear layer flows.!~!2 There, the
dilatational energy dissipationrate and the pressure—dilatation cor-
relation play a minor role in the turbulent energy equation, and the
closerelationshipexistsbetween supersoniceffects and the suppres-
sion of pressure fluctuation. Such suppressionleads to the decrease
in the pressure-strain correlation, resulting in the reduction in the
energy supply to the turbulent normal velocity component. As a re-
sult, the Reynolds stress shear component is reduced, which gives
rise to the decrease in energy production. This processis a cause of
the growth-rate suppressionin a free-shear layer flow.

The foregoing DNS finding indicates that the second-ordermod-
eling explicitly dealing with the pressure-strain correlation is ap-
propriate in analyzing supersonic flows by turbulence modeling.
In this vein, second-order compressible models were proposed by
Adumitroaie et al.'®> and Fujiwara et al.,'* with special attention
paid to the applicationto a free-shearlayer flow. The computational
burden of the second-order model, however, is heavy in analyzing
complex engineering turbulent flows. To alleviate the burden, the
model by Adumitroaie et al.'*was reduced to an explicit algebraic
Reynolds stress model. Such algebraic modeling may be regarded
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as a mathematical compromise between the proper treatment of
anisotropy of turbulentintensities and the manageability of models.

Supersonic effects occur quite differently in wall-bounded flows
such as channel and boundary-layer flows. In the DNS® of a su-
personicisothermal-wallchannel flow, the density varianceis large,
specifically near the wall, but the pressure varianceis very small over
the whole region. The mean velocity can be expressed by the loga-
rithmic velocity law with the mean-density variation taken into ac-
count through the van Driest transformation. This indicates that, for
identifying supersonic effects, pressure fluctuation is more appro-
priate thandensity fluctuation'® and thatitis important to distinguish
between acoustic and entropy modes of compressible flow.!7!8 An
entirely similar situation holds for a supersonicturbulentboundary-
layer flow.

The foregoing discussions on free-shear layer and wall-bounded
flows imply that any new compressible turbulence model needs to
fulfill the following:

1) In wall-bounded flows such as channel and boundary-layer
flows, supersonic effects on the mean flow appear through the
change of mean density; namely, newly added turbulent supersonic
effects vanish or become weak in the calculation of such flows.

2) The model may reproduce the reduction in the growth rate of
a free-shear layer flow.

The current models do not always fulfill these two requirements
simultaneously. For instance, the models with the dilatational dis-
sipation rate incorporated into the turbulent-energy equation can
properly reproduce the growth rate reduction in a free-shear layer
flow, but they cause undesirablesupersoniceffectsin a channel flow.

In this work, we attempt to construct a turbulence model for
analyzing supersonic flows within the framework of a turbulent-
viscosity representation for the Reynolds stress. Such an attempt
does not seem consistent with the DNS finding that supersonic ef-
fects on turbulent flow are closely related to the pressure fluctuation
and that they enhance the anisotropy of the Reynolds stress through
the pressure-strain correlation. With this point in mind, we study a
turbulent-viscositymodel from the following standpoint:

1) In explicit algebraic Reynolds stress modeling, the turbulent-
viscosity part is still the leading term, and turbulent supersonic
effects inevitably occur there, as is seen from the model by
Adumitroaie et al.'*> Then a turbulent-viscosity model capturing
some properties of both of supersonic free-shear layer and wall-
bounded flows is expected to give a useful clue as to the further
development of explicit algebraic modeling of supersonic flows.

2) In analyzing flows encountered in aeronautical and mechani-
cal engineering, the simplicity of a turbulence model is one of the
important requisites for reducing the computational burden arising
from high Reynolds number and complicated flow geometry. The
concept of turbulent viscosity and diffusivity leads to mathemati-
cally simple modeling of turbulence.

This paper is organized as follows. The fundamental equations
for a compressible flow are given in Sec. II. The nonequilibrium
effect on the turbulent viscosity is explained in Sec. IIL. In Sec. IV,
the combination of nonequilibriumand turbulent Mach number ef-
fects is proposed for modeling supersonic effects, and its physical
meaning is discussed in light of the DNS findings. In Sec. V, the
proposed model is applied to free-shear and boundary-layer flows.
The conclusionsare given in Sec. VI.

II. Compressible-Flow Equations

A. Fundamental Equations
The three equations governing the motion of a viscous,compress-
ible fluid consist of the following:

5
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Here, w is the viscosity and k is the thermal conductivity. The trace-
less part of the velocity strain tensor s;; is defined as

auj Bu[ 2

0Xx; 0x;

and the dissipation function ¢ will be neglected in what follows.
Under the perfect-gas assumption, we have the relation

p=(y—Dpe ®)
with
e=Cyh (6)

where Cy is the specific heat at constant volume and y is the ratio
of the specific heat at constant temperature Cp, to Cy .

B. Mass-Weighted Ensemble-Mean System

In modeling low-Mach-number turbulent flows, we usually ap-
ply the simple ensemble averagingto a systemof fundamentalequa-
tions. In the compressible case, however, the advection-relatedparts
in Egs. (1-3), which are of the third orderin p, u, and e, bring several
extracorrelationterms linked with density fluctuation. A method for
avoiding this complexity is the use of the mass-weighted ensemble
averaging. There the mean of a quantity f and the fluctuationaround
it are defined by

f=1fv=of)/bs 6= (p) (7
ff=f-7 8)

respectively,where subscript M signifies mass-weighted, ( ) denotes
the ensemble mean, and

f=@p.e 9)
We apply Eq. (7) to Egs. (1-3) and have
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where the mass-weighted Reynolds stress and internal-energy flux,
R;; and H, are

sz = {”f”/j}M (13)
H = {cu'}y (14)
and the molecular-diffusionterms related to x and « were dropped
because they do not play an important role, except as discussed

in Sec. V.B. The ensemble-mean pressure p in Eq. (11) may be
rewritten as

p=((y — Dpe) = (y — Djpé (15)
For (pV - u), we make the simplest approximation

(pV -u) = pV -li = (y — DpéV - i (16)
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III. Modeling of Turbulent Viscosity
at Low Mach Numbers

A. Nonequilibrium Effects

In this work, we express the Reynolds stress R;; and the turbulent
internal-energy flux H with the aid of transport coefficients and aim
at constructing as simple a model as possible. In the low-Mach-
number limit, we do not need to distinguish the mass-weighted
ensemble averaging from the simple ensemble averaging; namely,
we may take (f) ={f}y = f. With this in mind, we write

Ry = 2K&; — vr§y (17)
H=—(vr/0,)Ve (18)

where §;; = {s;;}» with V - & dropped. In the standard K —¢ model,
the turbulent viscosity vy is written most simply as

vr = vig = C,(K?/e) (19)

where K and ¢ are defined as

1 1
2, \\2
ou'. ou’ 9) ou’. au' \ >
e=if( =+ = —Zv.ows, )= . (=
0x; ox; 3 0x; u 0x;

2D

with v = /p. (The expressions in the last parentheses correspond
to those at low Mach numbers.) The nondimensional factor C,, is
usually chosen as

C, =0.09 (22)

In Eq. (19), subscript E denotes equilibrium, whose meaning will
be explained later. In Eq. (18), o, is a positive nondimensional co-
efficient and is usually chosen to be a constant.

Let us consider Eq. (19) in light of the Kolmogorov scaling, fa-
miliar in the study of isotropic turbulence. From a dimensional con-
sideration, we write

ve = '] = VK¢ (23)

apart from numerical factors, where |u’| is the intensity of velocity
fluctuation and ¢ is the characteristic length of energy-containing
eddies such as the integral length. We estimate the turbulent energy
K with the aid of the Kolmogorov —% power spectrum, and have

K = / e3k~3 dk = (£e)3 (24a)
k=001

or
3
E=tx=K?[e (24b)

except numerical factors, where £ is named the Kolmogorov-
scaling length. Equations (23) and (24) result in Eq. (19).
In the low-Mach-number limit, K obeys

DK_ a+AVK—P +V.-T 25
pr \ar ¥ ke K (25)

Here Py and Tk are the energy production and transport rates,
respectively, which are defined by

o,

—R,—L
T ox;

(3 37))
Ty = —(|zu?+=p |u (27)
2 o

Py = (26)

The Kolmogorov scaling is based on the equilibrium property of
turbulence, that s, the quasi balance between the energy supply and
dissipationrates. This state may be regardedas Px = ¢ in the context
of Eq. (25).

Typical flows whose prominent feature is Px > ¢ are temporally
and spatially developing homogeneous-shear turbulences. These
two flows are similar to each other in the sense that the turbulence
statistics of one flow may be estimated from the counterparts of
the other through the coordinate transformationt =x/U. (U is the
mean velocity in the x direction.) In the use of the standard K — ¢
model based on Eq. (19), the growth of K and ¢ in a temporally
developing homogeneous-shear flow is overestimated, compared
with the DNS counterparts. (The quantitativediscussionis given in
Refs. 19 and 20.) A free-shear layer flow, our primary concern, and
a spatially developing homogeneous-shear flow share the feature
that flow statistics are developing in the downstream (x) direction.
This indicates that Eq. (19) needs to be treated carefully in the study
of a free-shear layer flow whose properties vary in the downstream
direction.

B. Nonequilibrium Turbulent-Viscosity Model

Nonequilibrium effects on the turbulent viscosity have already
been examined on the basis of the results by the two-scale direct-
interaction approximation (TSDIA).?!=2 From the refined version
of the TSDIA,??* vy is given by

K2 IDK K De
v =0.12—|1-076( 1.60— — =— (28a)
£

- K? 1 D K?
vr =20.12—|1-08——— (28b)
£ K Dt ¢

In the TSDIA formalism, the D/D¢-related terms in Eq. (28) were
obtained as the correction to the equilibrium turbulent viscosity vrg
[Eq. (19)]. In a numerical sense, the numerical coefficient 0.12 is
estimated to be about 30% larger than that of Eq. (22) or the value
optimized through the application to a channel flow.

In flows subject to a strong mean velocity shear, the overestimate
of K is a typical defect of the equilibrium viscosity vg [Eq. (19)].
There, we often have

1 D K?
?ET >0 (29)

as is the case in homogeneous-shear turbulence. The D/Dr effect
in Eq. (28) is instrumental in rectifying the overestimate of the
turbulent-energyproductionthatarises from vrg. In the computation
of general turbulent flows, large positive (1/K)D(K?/g)/Dt may
occur locally and give rise to an unphysical negative viscosity. To
avoid this difficulty and enlarge the applicability of Eq. (28b), we
use the simplest Padé approximation for positive D(K?/¢) /Dt and
adopt

1 D K? D K?
Vr = Vg 1+Cy for —— >0 (30a)

KDi e Di &
1 DK? D K?
vp=|1-— CN?ET VTE, for ET <0 (30b)

Negative D(K?/¢)/Dt may occur in cases such as a converging—
diverging nozzle, and Eq. (30a) is likely to produce singularity. In
such a situation, the original form and Eq. (30b) are candidates of
vr and need to be tested.

In the analysis of homogeneous-shearturbulence,” Eq. (30a) has
already been proven to rectify the shortfall of Eq. (19). In the work
in Ref. 19, the choice of Cy = 1.3 was shown to reproduce K and &
consistent with the DNS based on the initial nondimensional shear
rate K S,, /e =28. This shear rate, however, is much larger than the
rates usually encountered in nearly homogeneous-shear turbulent
flows. For the latter, we have K S, /¢ < 10, and a smaller Cy suffices
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for reproducing K and ¢ properly. In the present work, we adopt the
theoretically suggested value Cy =0.8.

We substitute the standard K — ¢ model for an incompressible
flow into the denominator of Eq. (30a) and neglect the diffusion
effects. Then we have the prototype of a nonequilibrium turbulent-
viscosity model. More elaborateexplicitalgebraicnonlinearmodels
have been proposed for incorporating the properties intrinsic to the
Reynoldsstressequation.?~? A prominentfeatureof Eq. (30)is that
the nonequilibrium effect expressed by D/Dt vanishes identically
in the channel flow. The importance of this property for fulfilling
the requirement 1 in Sec. I will be shown.

IV. Modeling of Supersonic Effects

A. Relationship Between Streamwise Variation
and Supersonic Effects

A representative nondimensional parameter of a supersonic tur-
bulent flow is the turbulent Mach number

My =/ w?)/a= 2K [a (31)

Here, a is given by
_ dp =
a= /==y -Dé (32)
dp

from Eq. (15) and the adiabatic condition. When the dilatational
dissipation, the pressure-dilatation correlation, and the pressure—
strain correlation were modeled, My was adopted as one of the pri-
mary nondimensional parameters characterizingsupersonic effects,
as was noted in Sec. 3791314

The turbulent Mach number M7 increases with a mainstream
Mach number. Large M itself, however, is not always linked with
turbulentsupersoniceffects. [t typicallyrelates to a supersonicchan-
nel flow.!” There, the density fluctuation is high near the wall, but
the logarithmic velocity profile may be explained though the inclu-
sion of mean-density variation. A factor distinguishing a channel
flow from a free-shear layer flow is the streamwise change of flow
quantities. In a supersonic flow, the streamwise change of flow is a
primary generator of fluid compression, that is, the occurrence of
pressure variation.

Representative quantities characterizing the degree of stream-
wise change are Lagrange derivatives such as DK /Dt. In reality,
DK /Dt vanishesidenticallyin a channel flow, whereas nonvanish-
ing DK /Dt is one of the features of a free-shear layer flow. In a
turbulent boundary-layerflow, DK /Dt survives, but its magnitude
decreases with the growth of the layer. This point will be referred
to later, in the application of the proposed model to a supersonic
boundary-layer flow.

B. Supersonic Effects on Turbulent Viscosity

With the foregoing discussions in mind, we seek a nondimen-
sional parameter that is capable of expressing supersonic effects
on the turbulent viscosity vr. In the low-Mach-number limit, the
streamwise-variationeffect on vy is given by the D/Dt-related part
in Eq. (30). We first combine it with M7 and introduce the nondi-
mensional parameter

LD K 33
=M e (33)

To see the physical meaning of Eq. (33), we considerhomogeneous-
shear turbulence and use the standard K —¢ model. [The equation
for ¢ is given by Eq. (49).] Then Eq. (33) is reduced to

2
K S~ 2—-Cy

=C,(2— C,)M? =

x=cie-com (£) - 2|

2
~ C,2- c€1)<MTTKS°O> (34)

where the second part in the parenthesis of the first relation is neg-
ligible because K S, /¢ = 5.0 in the stationary state.*

In the study of supersoniceffects on turbulence, Sarkar'® showed
that the gradient Mach number Mg is an important parameter con-
trolling those effects.In homogeneous-shearturbulence, it is written
as

Mg = S.olc/a (35)

where £ is a characteristicturbulence scale. As the simplest choice
of £, we use the Kolmogorov-scalinglength defined by Eq. (24b),
that is,

be =tk (36)

The question raised by this choice will be addressed later. From
Egs. (35) and (36), we have

Mg = (V2/2) (MK Sy /6) 37)

We compare the second relation of Eq. (34) with Eq. (37) and find
that the nondimensional parameter y is related to Mg as

x =2C,2-C)Mg (38)

under the assumption of Eq. (36) and the use of the standard K — ¢
model. Note here that the occurrence of M% in Eq. (33), but not of
M7, is reasonable under Eq. (36).

The foregoingdiscussion shows that x defined by Eq. (33) is one
of the nondimensionalparameters characterizingsupersoniceffects.
We are in a position to incorporate the x effect into the nonequi-
librium turbulent viscosity given by Eq. (30). Fluid compression is
often linked with the streamwise change of flow properties. Then,
we consider that M effects alter the coefficient Cy attached to the
D/Dt-related part, replacing Cy with Cy(Mr) thatis a function
of M. Specifically, we adopt a simple expression

Cye(Mr)=Cy + CMM72' (39)

where C), is a model constant. Then we have

1 DK? D K?
vy = VTE/|:1 + (CN +CMM72-)?ETi| for ET >0

(40a)

1 D K? D K?
Vr = |:1 — (CN +CMM72-)?ETi|UTE for ET <0

(40b)

Note here that the C),-related part is reduced to the occurrence of
x defined by Eq. (33). The M} term is not excluded there, but the
M -related part is not expressed using only x.

In Eq. (40), the turbulent supersonic effects related to M; van-
ish identically in a channel flow, owing to D/Dt. Therefore, the
present model partially fulfills requirement 1 in Sec. I. The model
with the D/Dt¢-related terms replaced with the combination of My
and the density-variance effect was proposed previously?! There,
requirement 1 is not guaranteed a priori.

C. Relationship with Length Scale Related to Supersonic Effects

In the foregoingdiscussions,we adopted the Kolmogorov-scaling
length £k, Eq. (24b), as £¢ in Eq. (35). In the DNS of an an-
nular mixing-layer flow by Freund et al.,'> supersonic effects are
prominent at the transverse correlation length, that is, the charac-
teristic length normal to the main stream. It decreases with the in-
crease in the convective Mach number. It is difficult to include this
anisotropic property in one-point closure modeling, specifically, in
the turbulent-viscosityapproximation.

To see partially the foregoing situation from one-pointmodeling,
we take the average of the characteristiclengths in three directions
and write'?

ik =a(k? [s) (41)
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Here, « is no longer a numerical coefficient, unlike Eq. (24b), and
is instead a function of quantities related to supersonic effects such
as the convective Mach number. With £ = ¢k adopted in Eq. (35),
Eq. (37) is replaced with

Mg = (V2/2)a(MrK S, /¢) (42)

We are in a position to consider the relationship of the nonequilib-
rium turbulent-viscositymodel, Eq. (40a), with Eq. (41). In light of
Eq. (23), we adopt £ ¢ as a characteristiclength in a supersonic flow
and write

vy = CVK g = avig (43)

where C, was inserted as the numerical proportional coefficient.
From the comparison between Eqs. (40) and (43), we have

1 DK D K>
=11 C CyM?)——— fi — >0
* |:+(N+MT)KDtei| “Die T
(44a)
1 DK? D K?
o= |:1_(CN+CMM%)?ETi| for —T <
(44b)

as is the case for « in Eq. (41). Then, the use of the nonequilibrium
model, Eq. (40), is instrumental in including supersonic effects on
a characteristic turbulence length, although it is quite limited com-
pared with the second-order modeling based on the full use of the
Reynolds stress equation. For the compressible second-order mod-
eling, readers may consult Refs. 13 and 14 and the works cited
therein.

D. Summary of Nonequilibrium Model
‘We summarize the nonequilibriumturbulence model proposedin
this work. The system of mean-field equationsis given by

0 -
2LV iy =0 (45)
o1
o . 0 .. 9p 0
pu; + —puu; = ——— + —(—pR;;) (46)

—oU:
ot anp ! a)C[ an

%ﬁé—i—v-(ﬁﬁé)=—ﬁV-ﬁ+V-(—,5H) (47)
The ensemble-mean pressure p is given by Eq. (15), and the
Reynolds stress R;; and the turbulent internal-energy flux H are
modeled as Eqs. (17) and (18), respectively.[The turbulentviscosity
vr is given by Eq. (40).]
The transportequations for K and ¢ are given by

DK _ . i
PI%j aX[

f— = —pe+ V- <5EVK> (48)
Dt Ok

_De e _  ou; _e? _VIE
— = _—C.,—pR.—L _C,p—+ V. v 4
th el ﬁ,/0 ij 9x; 2P (,0 ) & (49)

These two equations are of the same form as the standard incom-
pressible K — ¢ model, except for the appearance of p. Namely,
they are reduced to the standard K — ¢ model under Cy = Cy =0.
In this model, the explicit supersonic effects only occur through vy
in R;j and H.

The present model contains eight model constants:

C, = 0.09, ox =1, C., =14,
C.,=109, 0. =13, o, =1 (50a)
Cy =08, Cy (50b)

Of these model constants, Eq. (50a) corresponds to the set of model
constants widely adopted in the K—¢ model. In Eq. (50b), the first is
the theoretically estimated value, and the latter will be determined
through the application to a free-shear layer flow.

Here, we make three supplementaryremarks. The first regards the
anisotropy of the Reynolds stress. Pressure is supposed to even out
anisotropy, in general. In Sec. I, the role of pressure fluctuation in
generating anisotropy was referred to in light of the pressure-strain
correlation. In the context of the mean pressure, the anisotropic
effect proportional to (Dit; /Dt)(Dit; /Dt) has recently been shown
to appearin the Reynoldsstress of compressibleturbulence, with the
aid of the statistical theory*? based on the mass-weightedaveraging.
Such an effectis related to the mean pressure through Eq. (46) and
may occur in a free-shear layer flow, although it disappears in a
channel flow.

The second remark regards the effects of flow separation. In the
presence of a large-curvaturewall, vortical-flow effects arising from
separation need to be incorporatedinto the Reynolds stress through
its deviation from the isotropic-viscosity model. The DNS3? of a
turbulent flow over a rectangular trailing edge indicated that such
effects become quite important in the pressure-diffusion term of the
K equation. There, the term, as well as the productionand advection
ones, are dominant over the turbulentdiffusion term. The mean-flow
effects on the pressure-diffusionterm were investigatedon the basis
of the TSDIA,** and its inclusion was confirmed as useful through
the applicationto a turbulentflow over a rectangulartrailing edge >

The third remark regards the effects of compressibility on the ¢
equation. Parts of the effects may be dealt with through the first term
of Eq. (49). In the present work, however, compressibility effects
on the second or ¢ destruction term are not taken into account. It is
well recognized that the destruction term needs to be modified in a
rotating turbulent flow. The main part of ¢ is related to the square
of vorticity fluctuation. This indicates that the vortex dynamics of
compressible flow is expected to provide useful information about
the compressibility effect on the destruction term.

V. Test of Nonequilibrium Model

A. Free-Shear Layer Flow
Let us examine the validity of the presentmodel. For this purpose,
we apply the model to a plane free-shear layer flow. We adopt the
Cartesiancoordinates (x, y, z), where x is along the two freestreams
and y is normal to them. The flow quantities of the faster stream are
denoted by attaching subscript 1, such as (i1, g1, €;), whereas their
slower counterparts are denoted by subscript 2.
The two freestreams are characterized by the ratios
Yu = lo /1y, Yo = 02/01, Yo =&/8 (51)
The most important parameter characterizingMach number effects
on a free-shear layer flow is the convective Mach number, which is
defined by
iy — i,
Me=—— (52)
a, +a,

We introduce the normalized velocity in the x direction:

<>
>
(8]

Ur =

(53)

<>
<>

1 — 42

We use the definition s =ug(y,) for y, and denote § by
8 = Yo.9 — Yo.1- Using §, we normalize y as

Yr =y = Yos)/8 (54)

The growth rate of the layer G is defined by dd/dx.
In the following computation of a plane free-shearlayer flow, we
consider the case

, v, =1, Ve =1 (55)

[ o

Yu =

The last two indicate thata, = a, = a, whichis used as the reference
velocity for normalizing the velocity.
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Fig. 1 Growth of a free-shear layer: ——, standard K-< model at
M¢ = 0; - - -, present model with Cy = 0.8 and Cy; = 0 at M¢ = 0; and
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Fig. 2 Dependence of the normalized growth rate Gy on Cy with
Cy =0.8.

We first examine the relationship of the present nonequilibrium
effect with a free-shearlayer flow in the low-Mach-number limit. In
Eq. (40a), we set Cy; =0 and consider the case of y, = %, asin Eq.
(55). The dependenceof § on the downstream location x is given in
Fig. 1. Here, the growth rate in the low-Mach-number limit G, is
G; =0.041, whereas the standard K —¢ model with Cy =C,, =0
gives G, =0.048.

The observed growth rate G| o scatters considerably accordingto
differentconditions,such as the upstream condition. The conditions
are arranged into an empirical formula®:

T (56)
2(uy — Uy)
with
0.06<S <0.11 (57)

In the present situation, with y, = %, Eqgs. (56) and (57) give
0.04 < G < 0.073 (58)

The foregoing two G, fall in this range, although they are close to
the lower limit. The renormalized mean velocity uy [Eq. (53)] will
be shown later for the case of nonvanishing M.
Next, we considerthe supersonic-effectparameter Cy, in Eq. (40).
Under condition (55), we examine the case
i, =4, iy =2, M:=1 (59)
where the velocity was nondimensionalizedusing the sound velocity
in the freestreams. We normalize the growth rate by the low-Mach-
numbercounterpartas Gy = G/ G . Figure 2 shows the dependence

020 | o ¢ ° L
0.00 M : )
0.0 0.5 1.0 1.5 20
Mc
Fig. 3 Dependence of the normalized growth rate on the convective
Mach number: ——, present model with Cy =0.8 and Cy; =30 (A, Cyy =
60); - - -, Langley curve (see Ref. 2); eee, Papamoschouand Roshko’$;

and 000, Goebel and Dutton.>®

1.20
1.00
0
0.30

040

0.20

000 4 - .
0.0 05 10 15 20
M.

Fig. 4 Integrated turbulent energy and dissipation rate vs the convec-
tive Mach number: —, Q{pK} and - - -, Q{pe}.

of Gy on Cy,. Note thatthe decreasein Gy is large for small C), and
becomes gradual for Cj, > 30. We adopt C, = 30. For this choice of
Cy, the growth line of the shear layer at M- =1 is added in Fig. 1.

For C); = 30, we examine the normalized growth rate G y for var-
ious convective Mach numbers. The computed results are given in
Fig. 3, with some observations3”-3® The former behavior is consis-
tent with the latter, although the computed suppressionrate is rather
smaller than the observationalresults. For larger C),, for instance,
Cy =60gives Gy =0.4 at M = 1. (See the triangle in Fig. 3.) The
Gy curve becomes much closer to the Langley curve and observa-
tions. In this stage, we cannot single out the most appropriate value
of C),. Its optimizationis left for furtherstudy of differentflows. The
present computed results, however, clearly indicate that the newly
introduced parameter x [Eq. (33)] is instrumental in capturing this
important feature of the growth rate in a supersonic free-shearlayer
flow, without generating undesirable effects on a channel flow.

To see the reduction in K and ¢ due to supersonic effects, we
introduce

[y
(f_‘s(S fdy>M

o{f}= (60)

As f, we adopt pK or pe at x =5 in Fig. 1. For pK and pe, Q
are plotted in Fig. 4. The tendency of reduction with increasing M+
is consistent with the DNSs of homogeneous-shearand free-shear
layer flows, but the presentreductionrate is larger. This is due to the
limitation of this modeling in which x effects are taken into account
through vy only. The normalized mean velocity u is insensitive to
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Fig. 6 Growth rates of the displacement (5p) and momentum (&)
thickness in a turbulent boundary layer at M, = 2: ——, dp for Cy =0
and Cy; = 0; ——, dy for Cy =0 and Cy; = 0; eee, 5p for Cy = 0.8 and
Cy =30;and AAA, 6y for Cy = 0.8 and Cy; = 30.

the magnitude of M. As a typical example, we give ug under the
conditions set in Eq. (55) in Fig. 5, which is compared with the
observational result®® for M- =0.5.

B. Supersonic Boundary-Layer Flow

In the foregoing discussions, we paid special attention to two
typical flows concerningthe streamwise variationof flow properties,
that is, channel and free-shear layer flows. The proposed turbulent
supersoniceffect vanishesidentically in the former, whereasit plays
acritical role in the suppressionof the growth rate in the latter. Note
thatan intermediateflow is a supersonicboundary-layerflow. There,
the D/Dt-related effects survive, although they are expected to be
small compared with thosein a free-shearlayer flow. It is known that
the primary mean-flow properties of a supersonic boundary-layer
flow are similar to those of a channel flow and may be reproduced
through the proper treatment of the variation of mean density. Then
itis importantto confirm that the presentnonequilibriummodel does
not give rise to any spurious effects in the analysis of a supersonic
boundary-layer flow.

To confirm that a boundary-layerflow is insensitiveto the present
supersoniceffect, we use the K —e-type model of Myong et al.** and
replace only the equilibrium part of the turbulent viscosity with the
present nonequilibrium turbulent viscosity, Eq. (40a). The Suther-
land formulais adopted for the temperature variation of the viscosity

‘We apply the forgoing modified model to a supersonicboundary-
layer flow at M, =2. (M, is the freestream Mach number.) The
computed displacement and momentum thickness are shown in
Fig. 6, along with that computed by the original model of Myong
et al.** These results indicate that the present nonequilibriumeffect
hardly affects the boundary-layergrowth. This computationalresult

signifies that the mean-flow properties of a supersonic boundary-
layer flow may be computed withoutany spurioussupersoniceffects.
Then the presentmodel fulfills requirement 1 in Sec. I. The accuracy
of computed results depends on that of a turbulent-viscositymodel
for low-Mach-number flow.

V1. Conclusions

In this work, we proposeda supersonicturbulencemodel basedon
the nonequilibrium turbulent viscosity and tested it for two typical
turbulent flows, that is, free-shear layer and boundary-layer flows.
As a result, we succeeded in reproducing some representative fea-
tures of a free-shear layer flow, such as the suppression of growth
rate with an increasingconvectiveMach number, without generating
undesirable supersonic effects on a boundary-layerflow. This is the
first step toward resolving the difficulty in analyzing free-shearlayer
and wall-boundedflows by one model. In the presentstage of testing,
however, the selection of the model constants linked with nonequi-
librium and supersonic effects has not been fully explored yet. In
general, turbulent-viscosity models are insufficient for expressing
anisotropic turbulence properties. For rectifying such a shortfall,
we need to extend the present model to a model of the explicit al-
gebraic nonlinear type. Such an extension and the application to
various supersonic flows are left for future work.
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